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Dirichlet conjectured that for every square-free m > 0, there exists
f > 1 such that the relative class number of Q(
√
f 2d ) is one,
where d is the ﬁeld discriminant of Q(
√
m ). We prove Dirichlet’s
conjecture is true when
√
m has a particular continued fraction
form.
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1. Introduction
The study of quadratic ﬁelds with small class number goes back at least to Gauss. When consider-
ing imaginary quadratic ﬁelds, the problem is well understood. In this case, Gauss asked for complete
lists of all ﬁelds with a given class number. Towards that goal, lists of all imaginary quadratic ﬁelds
with class numbers up to 100 have been created [4].
In the case of real quadratic ﬁelds, much less is known. Gauss conjectured that there were in-
ﬁnitely many real quadratic ﬁelds with class number 1. While there are conjectures and numerical
evidence that indicate that 70% of real quadratic ﬁelds with prime discriminant have class number
1 [3], the problem itself remains open.
In this paper we examine a similar conjecture by Dirichlet. He believed that for each squarefree
m and corresponding discriminant d there existed an f such that the relative class number Hd( f ) :=
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A. Furness, A.E. Parker / Journal of Number Theory 132 (2012) 1398–1403 1399h( f 2d)/h(d) = 1. We prove Dirichlet’s conjecture is true for the inﬁnite cases when m is squarefree
and
√
m has a continued fraction expansion of the form 〈n,a,a, . . . ,a,2n〉:
Theorem 2.12. Let m be squarefree and
√
m = 〈n,a,a, . . . ,a,2n〉. Then there exists a prime f such that
Hd( f ) = 1.
Since the continued fraction expansions of
√
m when m is squarefree are symmetric and periodic,
this theorem includes all m when the period is 1, 2, or 3.
2. Results
Rather than computing the ratio h( f 2d)/h(d) ratio directly, we have the following theorem formula
from Dirichlet.
Theorem 2.1 (Dirichlet). (See [1].) Let m be a ﬁxed, squarefree, positive integer, and d be the ﬁeld discriminant
of Q(
√
m ). Let εm be the fundamental unit of Q(
√
m ). Deﬁne ψ( f ) = f ∏q| f (1 − ( dq ) 1q ) where ( dq ) is the
Legendre symbol and q is prime. Deﬁne φ( f ) to be the smallest positive integer such that (εm)φ( f ) ∈O f , i.e.
(εm)
φ( f ) = x+y
√
m
z where y ≡ 0 (mod f ) and z = 2 if m ≡ 1 (mod 4) and z = 1 if m ≡ 2,3 (mod 4). Then
Hd( f ) = ψ( f )
φ( f )
.
We’ll approach this problem by looking at the continued fraction expansions of
√
m where m is a
squarefree positive integer. By [2], such m will have periodic, symmetric, expansions of the form
√
m = 〈n,a1,a2, . . . ,a2,a1,2n〉 = n + 1
a1 + 1a2+ 1
...+ 1
a1+ 1
2n+ 1a1+···
where n = √m 	.
The proof uses induction so we start with two base cases, 〈n,2n〉 and 〈n,a,2n〉. We approach each
of these simple cases by ﬁnding a general form of m, ﬁnding the fundamental unit, then proving the
existence of an f that gives a relative class number of one. In the case of m = 〈n,2n〉, m will have the
following form.
Lemma 2.2. For any n > 1, the continued fraction 〈n,2n〉 = n + 1
2n+ 12n+···
= √n2 + 1.
Proof. Let x = 〈2n〉 so 〈n,2n〉 = n + x−1. Observe that x = 〈2n〉 = 〈2n,2n〉 = 〈2n, x〉.
So x = 2n + 1x and x−2 + 2nx−1 − 1 = 0. Solving for x−1 and taking the positive solution (since
n > 0) gives us 〈n,2n〉 = √n2 + 1. 
Now we will give a general form for the fundamental unit ε in order to use it in our deﬁnition of
φ( f ), leaving the computation of ε to the reader.
Lemma 2.3. For any n > 1, the fundamental unit in Q(
√
n2 + 1 ) is ε = n + √n2 + 1.
Finally, we prove how to ﬁnd an f that will give us Hd( f ) = 1.
Theorem 2.4. Let n > 1 and m = n2 + 1 be squarefree. Then there exists a prime f such that Hd( f ) =
ψ( f )
φ( f ) = 1.
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f (1 − ( df ) 1f ). Because f |m, f | d also and so the Legendre symbol ( df ) = 0. This gives us ψ( f ) = f .
Now, we know that ψ( f )
φ( f ) ∈ Z, so φ( f ) = 1 or f . By deﬁnition, φ( f ) is the smallest positive integer
such that f | y where εφ( f ) = x + y√m. By Lemma 2.3, the fundamental unit ε = n + √m so since
f  1, φ( f ) 
= 1. Thus, φ( f ) = f and Hd( f ) = 1. 
The next case is 〈n,a,2n〉 and will be very similar to the ﬁrst case. We will again start by solving
the continued fraction for a general form of m.
Lemma 2.5. For any n > 1,a > 1 such that a | 2n, the continued fraction 〈n,a,2n〉 =
√
n2 + 2na .
Proof. Let x = 〈a,2n〉. So 〈n,a,2n〉 = n + x−1. Observe that x = 〈a,2n〉 = 〈a,2n, x〉.
So x = 2anx+x+a2nx+1 and ax−1 + 2anx−1 − 2n = 0. Solving for x−1 gives us
x−1 = −n +
√
n2 + 2n
a
.
Thus 〈n,a,2n〉 =
√
n2 + 2na . 
Next we give the general form of the fundamental unit, again leaving the computation to the
reader.
Lemma 2.6. For any n > 1,a > 1 such that a | 2n, the fundamental unit in Q(
√
n2 + 2na ) is ε = (an + 1) +
a
√
n2 + 2na .
We now prove the existence of an f that will give us a relative class number of 1.
Theorem 2.7. Let n,a > 1 such that a | 2n and m = n2 + 2na such that m is squarefree. Then there exists a
prime f such that Hd( f ) = ψ( f )φ( f ) = 1.
Proof. Suppose f were a prime such that f | m and f  a. Using exactly the same argument as in
Theorem 2.4, such an f would give Hd( f ) = 1.
So we must show that such a prime exists. Note that a < 2n since a | 2n and a 
= 2n, since other-
wise we would be in the m = n2 + 1 case.
Now, if n = 1, we must have a = 1 and m = 3. On the other hand, if n 2 we have a < 2n n2 <m.
So in both cases we have a <m and since m is squarefree, we are guaranteed the existence of a prime
that divides m and does not divide a.
Thus there exists a prime f such that Hd( f ) = 1. 
We will now examine the cases where
√
m = 〈n,a,a, . . . ,a,2n〉 =
√
n2 + PrQ r where r represents
the number of a’s in the continued fraction expansion of
√
m. Recall from the previous cases that
P0 = 1, Q 0 = 1, P1 = 2n, and Q 1 = a.
Since we cannot directly solve for a general form of m, we will instead look at some properties of
Pr and Qr and use induction to ﬁnd a general form of n that will lead to a relative class number of
one.
The ﬁrst two properties deﬁne how to ﬁnd Pr and Qr from previous r values, as shown in the
following lemma.
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√
m = 〈n,a,a, . . . ,a︸ ︷︷ ︸
r
,2n〉 =
√
n2 + PrQ r . Then Pr = aPr−1 + Pr−2 and Qr = aQr−1 + Qr−2
for all integers r > 1.
Proof. Let xr = 〈a,a, . . . ,a︸ ︷︷ ︸
r
,2n〉 = 〈a,a, . . . ,a︸ ︷︷ ︸
r
,2n, xr〉. Since √m = n + x−1r =
√
n2 + PrQ r , we have that
x−1r = −n +
√
n2 + PrQ r . Therefore, x−1r satisﬁes the quadratic
x−2r + 2nx−1r −
Pr
Q r
= 0
or equivalently
Prx
2
r − 2nQrxr − Qr = 0.
If we consider the 2× 2 matrices acting by linear fractional transformation on real numbers by
(
a b
c d
)
x = ax+ b
cx+ d
then the above quadratic equation means that xr satisﬁes
(
ar Q r
Pr dr
)
xr = xr with dr − ar = −2nQr .
On the other hand, we also know that xr satisﬁes
(
a 1
1 0
)r (2n 1
1 0
)
xr = xr .
Therefore, if we wanted to compute Pr and Qr , we just need ﬁnd the off-diagonal entries in the
above product. The recurrence relation can then be obtained by multiplying the linear transformation
by
( a 1
1 0
)
successively.
(
a 1
1 0
)2( ar−2 Qr−2
Pr−2 dr−2
)
=
(
a 1
1 0
)
⎛
⎜⎜⎜⎝
a · ar−2 + Pr−2
Qr−1︷ ︸︸ ︷
a · Qr−2 + dr−2
ar−2︸︷︷︸
Pr−1
Qr−2
⎞
⎟⎟⎟⎠
=
(
a 1
1 0
)(
a · Pr−1 + Pr−2 Qr−1
Pr−1 Qr−2
)
=
⎛
⎜⎜⎝a(aPr−1 + Pr−2) + Pr−1
Qr︷ ︸︸ ︷
aQr−1 + Qr−2
aPr−1 + Pr−2︸ ︷︷ ︸
Pr
Q r−1
⎞
⎟⎟⎠
which gives the desired relations. Theorem 7.3 from [2] gives that xr also satisﬁes the following rela-
tion involving convergents,
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hr hr−1
kr kr−1
)
xr = xr
which gives that Qr = hr−1 and Pr = kr . 
The next lemma shows how Pr and Qr are related to each other.
Lemma 2.9. Let
√
m = 〈n,a,a, . . . ,a︸ ︷︷ ︸
r
,2n〉 =
√
n2 + PrQ r . Then Pr = 2nQr−1 + Qr − aQr−1 .
Proof. We have shown in previous cases that P0 = 1, Q 0 = 1, P1 = 2n, and Q 1 = a. So the formula
holds when r = 1 since
2nQ 0 + Q 1 − aQ 0 = 2n = P1.
Now assume Pr = 2nQr−1 + Qr − aQr−1 for all r < R for some integer R > 1. Then, using our
formula from the previous theorem,
P R = aP R−1 + P R−2
= a(2nQ R−2 + Q R−1 − aQ R−2) + (2nQ R−3 + Q R−2 − aQ R−3)
= 2nQ R−1 + Q R − aQ R−1.
Thus the formula holds for all integers r > 0. 
The next lemma deﬁnes the simple relationship between n and a for a given r by using the previ-
ous lemma.
Lemma 2.10. Let
√
m = 〈n,a,a, . . . ,a︸ ︷︷ ︸
r
,2n〉 =
√
n2 + PrQ r . Then 2n ≡ a (mod Qr).
Proof. We know that since PrQ r ∈ Z, Pr ≡ 0 (mod Qr). By reducing the formula in the previous theo-
rem modulo Qr we get
0 ≡ 2nQr−1 − aQr−1 (mod Qr).
So 2nQr−1 ≡ aQr−1 (mod Qr). Note that since Q 0 = 1 and Q 1 = a and the recurrence relation Qr =
aQr−1 + Qr−2 holds, Qr and Qr−1 are relatively prime. So we may cancel Qr−1 from both sides and
thus 2n ≡ a (mod Qr). 
We now deﬁne the relationship between the fundamental unit and the fraction of the general form
of m, so we no longer need to go through the algorithm for ﬁnding the fundamental unit.
Lemma 2.11. The y coordinate of the fundamental unit εm is hr−1 = Qr .
Proof. Theorem 7.25 from [2] states that the fundamental unit x + y√m can be written in terms of
convergents of 〈n,a,a, . . . ,a,2n〉 as x = h¯t−1 and y = k¯t−1, where t = r+1 represents the length of the
period of the continued fraction. The bar over the convergents distinguish these from the convergents
of xr = 〈a,a, . . . ,a,2n〉 studied in Lemma 2.8. All the convergents obey the same recurrence relation,
just with different initial conditions and different entries in the continued fraction. But those entries
A. Furness, A.E. Parker / Journal of Number Theory 132 (2012) 1398–1403 1403in the continued fraction are just “shifted” since a¯0 = n and an = a¯n+1. Similarly, the initial conditions
are moved by one since h−2 = 0,h−1 = 1 while k¯−1 = 0 and k¯0 = 1.
Taken together, this means k¯n = hn−1 if n 0. Therefore k¯t−1 = k¯r = hr−1 = Qr as desired. 
Using Lemma 2.10 and this relationship between εm and Qr , we can now guarantee the existence
of a prime that will give us a relative class number of one.
Theorem 2.12. Let m be squarefree and
√
m = 〈n,a,a, . . . ,a︸ ︷︷ ︸
r
,2n〉 =
√
n2 + PrQ r . Then there exists a prime f
such that Hd( f ) = ψ( f )φ( f ) = 1.
Proof. Suppose f were a prime such that f |m and f  Qr . Just as in the proofs of the previous cases,
because f is prime and a divisor of m, ψ( f ) = f . Since Qr is the y-term of the fundamental unit and
f  Qr , φ( f ) 
= 1. Thus we must have φ( f ) = f and Hd( f ) = 1.
Now we must show that such a prime exists. By Lemma 2.10, 2n ≡ a (mod Qr). So we have three
possibilities: a and Qr are both even, a and Qr are both odd, or a is even and Qr is odd. These give
us the following values of n:
n =
⎧⎪⎨
⎪⎩
a
2 + l · Qr2 , for some l > 0 when a and Qr are both even
a+Qr
2 + l · Qr, for some l 0 when a and Qr are both odd
a
2 + l · Qr, for some l > 0 when a is even and Qr is odd
In each of these cases, we get m = n2 + PrQ r > Qr . This, with m being squarefree, means there must
exist a prime f that divides m and does not divide Qr , which then gives us Hd( f ) = 1. 
Because all continued fraction expansions of
√
m for m nonsquare are symmetric and periodic [2],
this means that we have proven Dirichlet’s conjecture for all nonsquare m with period 1, 2, or 3.
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